We study the complex deformations of orientifolds of D3-branes at toric CY singularities, using their description in terms of dimer diagrams. We describe orientifold quotients that have fixed lines or fixed points in the dimer, and characterize the possibilities to deform them in terms of the behaviour of zig-zag paths under the orientifold symmetry. The resulting models are holographic duals to warped throats with orientifold planes. Our systematic construction provides a general class of configurations which includes models recently appeared in the context of de Sitter uplift by nilpotent goldstino or dynamical supersymmetry breaking.
Introduction and main results
Warped throats are an interesting ingredient in string compactifications, as they provide a mechanism to generate hierarchies in sectors localized in the internal dimensions. For instance, contributions to the vacuum energy proposed to uplift to de Sitter vacua [1] , brane inflation [2] or certain axion monodromy inflation models [3, 4] , particle physics models [5] [6] [7] , etc. used these type of geometries. Although the prototypical example of a warped throat is based on the deformed conifold and its holographic dual RG flow in terms of a duality cascade [8] , it is easy to generalize these ideas to produce many other throats based on complex deformations of other toric CY singularities, which also admit duality cascades on the holographic dual description [9, 10] .
In compact examples, cancellation of the RR charges carried by the fluxes supporting the throat forces the introduction of orientifold planes [11] . These are usually located away from the throat, and therefore their presence is irrelevant to the infrared physics down the throat. However, some recent applications exploit the presence of orientifold planes at the infrared tip of the throat, i.e. they involve orientifolded warped throats. This has appeared in the gauge theory description of certain D-brane instantons [12] [13] [14] , and de Sitter uplifts using string embeddings of the nilpotent goldstino [15] and DSB sectors [16] .
The construction of orientifolds of D3-branes at toric CY singularities was systematized in [17] , based on dimer diagrams [18, 19] (see also [20, 21] and references therein). However, the discussion of the deformed geometries has been carried out only for a few examples. In this paper we undertake the task of providing systematic recipes to build complex deformations of orientifolds of toric CY singularities, in terms of dimer diagram combinatorics.
The basic strategy is to first characterize which toric singularities admit a given orientifold quotient, and then display the properties of complex deformations of the parent geometry required for them to survive in the orientifolded theory. This is most straightforwardly carried out in terms of the behaviour of zig-zag paths [22, 23] , which correspond to external legs of the web diagram dual to the toric diagram of the singularity [24] [25] [26] . Complex deformations of the parent theory corrspond to removal of subsets of external legs in equilibrium (i.e. with zero total (p, q) charge) [27] .
We anticipate our main results here. In order to do so, let us mention that as observed in [17] , orientifolds of toric singularities fall in two broad classes, those leaving fixed lines on the dimer and those with only fixed points. They have different geometric actions and thus need to be studied separately:
• As we show, the criterion for a singularity to be compatible with fixed line orientifolds is that the web diagram accepts a Z 2 action corresponding to a line reflection. Thus, if one wants to deform such a geometry, the resulting singularity after the complex deformation must also have a web diagram compatible with the same Z 2 action.
• The fixed point orientifold case is quite different, and requires separating the set of all zig-zags into subsets such that all zig-zags in a subset have the same (p, q) charge. The criterion for a singularity to be compatible with orientifold points is then that the number of such subsets with an odd number of elements (zig-zags) is less than or equal to four. Finally, deformations of singularities compatible with orientifold points require that the subweb in equilibrium removed from the web diagram must have an even number of zig-zags of each type, or phrased in another way, to remove two equal copies of a subweb in equilibrium.
As final remarks, let us mention that in this paper we restrict ourselves to classical phases of dimers. Non-classical phases of dimers [28, 29] have recently shown to be compatible with more orientifold actions [30] .
Also, it is important to note that our analysis includes recently found setups of toric singularities that do not accept resolutions if orientifolds are present [31] . The concrete setup of [31] involves a conifold with orientifold lines on its dimer. Throughout the paper we will restrict to the analysis of toric CY's on singular and deformed phases, so we will not study the impossibility of having resolution phases. Let us just comment that this analysis is however straightforward for fixed line orientifolds: an orientifold of a singular geometry is incompatible with its resolutions if the corresponding singular web diagram admits no desingularization compatible with the Z 2 symmetry. The paper is organized as follows. In sections 2.1 we provide general background on dimer technology and warped throats from toric CY singularities. In section 2.1.1 we introduce a very useful tool for our analysis: zig-zag paths. Then, in section 2.2 we provide the mirror description of dimers and in 2.3 we explain complex deformations on throats from this perspective. Finally, in section 2.4 we provide the necessary tools understand how orientifolds can act on dimers. In section 3 we start our analysis by giving criteria to tell which toric CY's are compatible with orientifolds on the dimer, first considering orientifold actions leaving fixed lines on the dimer in section 3.1, and then those leaving fixed points in section 3.2. Using this knowledge, in section 4 we address the problem of which singularities are compatible with both orientifold actions and complex deformations. Once again, we address this issue first for singularities compatible with orientifold lines in section 4.1 and then for those with orientifold points in section 4.2.
Background
In this section we provide general background on dimer models, starting with their basic features, their mirror description and afterwards review how complex deformations of toric singularities are described in this context. Finally, we mention the general features of orientifolds of dimer models that will be relevant in our analysis.
Some generalities about dimers
The gauge theories arising from D3-branes on toric CY singularities can be described in terms of bipartite tilings of T 2 known as dimers or dimer diagrams [32] . These diagrams consist of a series of faces, edges and vertices that translate to gauge groups, chiral multiplets in bi-fundamental representations of the adjacent groups and superpotential terms respectively. Moreover, the fact that these singularities are toric results in vertices being of two types, the usual criterion being that we color them in black and white corresponding to e.g. plus and minus sign in the superpotential, and the edges of the dimer always join vertices of different type. The superpotentials of these theories thus include each bi-fundamental field in the theory twice in the superpotential, once with plus sign and once with minus sign [32] . We provide an example showing the dimer of the conifold in figure 1. Figure 1 . Dimer describing the conifold theory. Faces with labels 1 and 2 represent the two gauge factors SU (n 1 ) and SU (n 2 ), edges X 12 and Y 12 are chiral fields transforming in the (n 1 , n 2 ) representation of the gauge group whereas edges X 21 and Y 21 transform in the (n 1 ,n 2 ). Finally, vertices/nodes are superpotential terms involving the fields touching the node. We take the convention that black nodes have plus sign in the superpotential and involve a product of the fields ordered in a clockwise direction, and white nodes have negative sign and involve a product of the fields ordered in a counter-clockwise direction.
The usefulness of dimers relies on their powerful encoding of field theory phenomena into diagram combinatorics. One of the most interesting is Seiberg Duality [33] , which allows to describe two UV field theories (related by a strong-weak duality) flowing to the same IR dynamics. This duality can be easily described in terms of dimer diagrams [18] and is the reason why a unique singularity accepts different dimers, or equivalently different toric phases: all the phases are related by a series of Seiberg dualities [34, 35] . Moreover, these phases are important because the RG flow of dimer theories in the presence of fractional branes (in the holographic picture these correspond to an anomaly-free increase of certain gauge groups) is described by a periodic series of Seiberg dualities, known as duality cascade, that make the dimer of a given singularity go through its different toric phases. The RG flow was also shown to decrease the rank of all gauge groups as the theory flows to the IR [36] . In terms of the supergravity dual, the RG flow corresponds to turning on non-trivial fluxes on the internal space such that the D3-brane charge decreases as one moves towards the singularity in the radial direction of the conical singularity, which corresponds to the decrease of the ranks of the gauge groups in the holographic picture.
Another important phenomenon that can be easily described in terms of dimers are complex deformations generalizing the Klebanov-Strassler [8] smoothing of the conifold. In the supergravity description, complex deformations are the origin of the fluxes we just mentioned: by putting M units of RR 3-form flux on a 3-cycle to hold it at finite size, and a non-trivial flux of the NSNS 3-form flux along the dual 3-cycle, one finds that the D3-brane charge does indeed depend in the radial direction. The smoothing of the singularity by growing a 3-cycle changes the base of the conical singularity, which results in two different dimers describing the physics before and after the complex deformation. The relation between both dimers goes as follows: starting for the UV dimer, at certain energy level one or more gauge groups confine and the strong dynamics produces a quantum modification of the moduli space. The resulting theory corresponds to the IR dimer, describing the conical singularity after the deformation. One interesting feature of fluxed complex deformations is that on the gravitational side they give rise to warped throats [11] , which as already mentioned are particularly interesting in order to create hierarchies. We will explain more about complex deformations on section 2.3 after learning about the mirror of dimer theories.
The last useful property of dimers that we want to mention here is that they allow a diagrammatic representation of the effect of the orientifold on the gauge groups and matter content of the theory as described in [17] . Once again, we leave further details for section 2.4.
Zig-zag paths
In this section we describe a tool that will be specially useful for our analysis, introduced in [22] and known as zig-zags paths or simply zig-zags. These are oriented paths on the dimer crossing edges on the middle and turning maximally e.g. to the right at white nodes and to the left at black nodes. The different paths cross each other, but physically consistent graphs do not allow for paths intersecting themselves. In figure  2 (a) we show the dimer of the conifold together with its zig-zag paths. A crucial fact of zig-zags is that each path defines a homologically non-trivial 1-cycle on the dimer torus; once we define our unit cell for the dimer, each zig-zag has some associated winding numbers (p, q). Note that zig-zags with the same (p, q) will be parallel on the dimer, and thus will also not cross each other. Different choices of unit cells related via SL(2, Z) transformations imply corresponding changes on the (p, q) vectors.
It is of special relevance to us the set of (p, q)'s of all zig-zag paths of a given dimer, also known as the (p, q) web [22] . This web defines the toric singularity in a way that we now describe. The toric singularity is defined by a gauged linear sigma model (GLSM). The D-terms of the GLSM can be encoded in a 2 dimensional diagram known as the web diagram (for a review on toric geometry see e.g. [37] ). The web diagram is a set of lines, which for our purposes can be split into two different types: internal and external lines (see figure 2(c) for an example). Internal lines describe Fayet-Iliopoulos terms on the GLSM, leading to resolutions of the singularity, but this is not relevant for our purposes. External lines are lines pointing at different directions, which can be characterized by a 2 dimensional vector. There is a one to one correspondence between the external lines of the web diagram and the (p, q)'s of zig-zag paths [22] , such that a zig-zag path with winding numbers (p, q) corresponds to an external leg of the web diagram pointing at the direction (p, q) [22] , see figures 2(b) and (c) for an example. The CY condition on the GLSM then translates to the sum of all (p, q)'s of a given singularity being zero, which is known as the web being in equilibrium. It is important to note that the (p, q) web, and thus web diagram, has many representatives related by SL(2, Z) transformations, since the dimer also has different possible unit cells related by these transformations. For future convenience, we define one more graph which also defines the toric singularity; this is the toric diagram. The toric diagram is a 2 dimensional diagram which is graph-dual to the web diagram, see figures 2(c) and (d) for an example. This diagram is a convex integer sublattice Q ⊂ Z 2 . For more relations between these diagrams and dimer diagrams we refer the reader to [22, 23] .
If one is interested instead in building up the dimer diagram from the toric data, zig-zag paths provide a nice recipe, which was dubbed the fast inverse algorith in [22] . In this section we provide an example describing how to obtain the conifold dimer from its (p, q) web, and refer to [22] for the general prescription. The (p, q) web of the conifold was shown in figure 2(b). Starting with a square unit cell for the dimer for simplicity, the procedure lies in an ordered arrangement of zig-zags paths with windings (p, q). For the conifold case, we illustrate in figure 3(a) how to arrange the zig-zags and in (b) how to obtain the corresponding dimer. The zig-zag paths placed on the unit cell. They bound faces of two types: the ones shaded in grey are bound by zig-zag paths whose orientation always goes on the clockwise direction (black arrow) or counter-clockwise direction (white arrow); and the ones in light blue, bound by zig-zags that have opposite directions at the points where they cross each other. (b) From the previous setup, we obtain the dimer by replacing faces in black by black and white nodes depending on the orientation of the zig-zags on the face, zig-zag crossings map to edges bound by a white and a black node and the faces in blue correspond to gauge groups.
The mirror perspective
The mirror dual of a toric CY singularity was shown in [23] to live in a threefold given by a double fibration over the complex plane
where u, v, z ∈ C and x, y ∈ C * are the coordinates defining the threefold and P (x, y) is the Newton polynomial of the toric diagram of the singularity. In this picture 1 , the gauge groups of the dimer translate to D6-branes wrapping 3-cycles on the geometry, bifundamental fields arise from open strings on the intersections between these branes and superpotential terms come from worldsheet instantons in discs bound by three or more branes. All intersections between branes, and thus all worldsheet instantons, were shown to meet at the Riemann surface Σ given by P (x, y) = 0, on which we will focus from now on. For other aspects of the mirror dual we refer the reader to [23] .
The surface Σ, defined by P (x, y) = 0, is a Riemann surface with handles and punctures. This surface was shown in [23] to be a thickening of the web diagram [24] [25] [26] , with punctures corresponding to the external legs of the web diagram, and its genus g is the same as the number of internal points of the toric diagram, which as said before is graph dual to the web diagram. In figures 4(a) and (b) we show the web diagram and the curve Σ corresponding to the conifold. The D6-branes giving rise to gauge groups wrap 1-cycles in Σ surrounding some of its punctures and intersecting each other. Open strings on these intersections give the bifundamental chiral fields and worldsheet instantons on the discs bound by several D6-branes and their intersections are responsible for superpotential terms. The way D6-branes are wrapping 1-cycles in Σ so that they give rise to the same chiral fields and superpotential terms as those in the dimer was described in [23] . The outcome is that D6-branes are wrapped such that each puncture in Σ is surrounded by a series of D6-brane intersections and worldsheet instantons, or equivalently fields and superpotential terms.
It is thus possible to define a bipartite graph tiling on Σ, where each face represents a puncture of Σ, or equivalently an external leg of a web diagram or zig-zag of the dimer. Edges of this tiling are the fields in the intersection(s) between zig-zag paths in the dimer, and their vertices correspond to the instantons (superpotential terms), which we can color as in the dimer, since each edge must have a white and a black node on each side. Finally, the 1-cycles wrapped by D6-branes are zig-zag paths of this tiling of Σ, i.e. turning maximally when they are next to a black node and maximally to the left when the node is white. We thus have two tilings, the original dimer and the one we just described, which are strongly related via the so called untwisting procedure in [23] and with two main differences: on the one hand, the dimer is defined on a torus, whereas the tiling in the mirror has genus g. On the other hand, in the original dimer faces represented gauge groups while zig-zag paths corresponded to external legs of the web diagram, whereas in the mirror, faces are the external legs and zig-zags are D6-branes corresponding to gauge groups. In order to avoid possible confusions, from here on we will use the term dimer only to describe the tiling of the torus where faces represent gauge groups, and zig-zag paths will be the paths we defined on the dimer; we will not use these terms for the tiling of the mirror curve Σ.
Complex deformations
One of the main motivations to be interested on toric CY singularities is that they provide an interesting scenario to create hierarchies [11] . On the gravity side these are created by the warping of the internal manifold, after turning on certain fluxes that hold a 3-cycle at finite size on the internal manifold, leading to geometries known as warped throats. The first known manifold of this kind is the deformed conifold in [8] , but nowadays there are many examples of this kind on the market, see e.g. [4, 10, 14, 16] . The growth of the 3-cycle or complex deformation can be understood from different perspectives; we are interested in the description of such phenomenon in terms of the web diagram, gauge theory and the mirror geometry. Readers interested in further details on the gravitational picture can find them in e.g. [8, 10] .
As already mentioned, the gauge theory description of complex deformations can be easily carried out using dimer diagrams [27] . By placing fractional branes on some gauge groups (we will shortly give a criterion to determine which) we increase their ranks and break conformal invariance. This triggers a cascade of Seiberg dualities that periodically reduces the rank of all gauge groups by a unique number that depends on how many fractional branes we put [8, 10] . At certain point on the RG flow the theory reaches a point where the groups with fractional branes have number of colors and flavours satisfying N f ≤ N c , so their strong dynamics leads to a modification of the moduli space and thus modification of the dimer. The resulting gauge theory and dimer have less gauge factors and correspond to the left-over (possibly singular) geometry after the complex deformation. Therefore, the singularity and thus the theory are different before the complex deformation (UV of the gauge theory) and after it (IR of the gauge theory). We show an example of this process in figure 5 .
The difference between the UV and the IR theories is also reflected on the web diagram, where the deformation process corresponds to the removal of a sub-web in equilibrium. After this removal we are left with a new web diagram also in equilibrium and a smaller toric diagram of smaller area, in agreement with having less gauge factors in the IR (the area of the toric diagram was shown in [22] to be twice the amount of gauge factors on the dimer). The groups where we placed the confining fractional branes are those bound by the zig-zag paths corresponding to the external legs that have been removed. We illustrate this in figure 6(a). Finally, since the surface Σ is a thickening of the web diagram, the deformation process must necessarily change this surface as explained in [40] . In the mirror surface Σ the D6-branes corresponding to the confining gauge groups wrap certain punctures, which correspond to the external legs of the web diagram that we will remove. The removal of the external legs corresponds to cutting out these faces from Σ and then gluing together the boundaries of the surface left after cutting them. This process involves a recombination of the remaining D6-branes on the mirror, corresponding to the higgsing in the gauge theory due to mesons that get a vev. The new surface we are left with is the one describing the IR physics. Figure 7 shows an example of this kind. The tiling of Σ after integrating out the massive fields together with the D6-branes left after the deformation. We see that the D6-branes in blue and purple in (a) now recombined to the one we draw in blue. This Σ corresponds to the conifold.
Orientifolds of dimer models
The last object to be discussed before moving on to new ideas are orientifolds of dimers. These were first studied in [17] and here we only summarize the relevant features for the following sections.
Orientifolds are the key ingredient to eliminate some degrees of freedom of a theory such that the outcome is a theory with different gauge factors and matter representations. Regular dimers only have gauge groups of the SU (N ) type and matter in bifundamental and adjoint representations. When an orientifold action is implemented on a toric CY singularity, the theory can also have SO(N ) and U Sp(N ) types of gauge groups depending on the orientifold charges, and also matter in the two index symmetric and antisymmetric representations. The way to obtain these new degrees of freedom in dimers was described in [17] .
Dimer diagrams live on tori, and this restricts the possible orientifold actions they accept. The dimer involutions that we focus on in this paper are those studied in [17] , which correspond to Z 2 actions leaving fixed loci on the dimer (other Z 2 actions that do not have fixed loci are possible but were not studied in the literature so far). These can be of two different types: those leaving fixed lines, also known as orientifold lines, and those leaving fixed points, known as orientifold points. The geometric action of the two types of orientifolds is different, and thus they act in a different manner on the mesonic operators (gauge invariant operators from field products of the theory). In particular, they act in a different way on superpotential terms, a property that makes it better to study them separately.
We will first deal with orientifold lines. These can be of two types as shown in figures 8(a) and (b) depending on whether there are two parallel orientifold lines, or a single one. Since the orientifold line can be thought of as a boundary of the orientifold of the dimer, we can say that these dimers live on a cylinder and a Möbius strip, respectively. These kinds of orientifolds were shown to relate superpotential terms corresponding to vertices with same color, as can be seen in the examples of figures 8(a) and (b). In the case of orientifold points the geometric action inverts both coordinates of the T 2 , with four fixed points, as shown in figure 8(c). This sets a series of identifications that implies that dimers with orientifold points live in a sphere, as we will prove in section 3.2. This time the orientifold relates vertices/nodes with different color. This sets some restrictions, since this is only possible if orientifold points fall on top of edges of the dimer or in the middle of hexagonal faces.
Toric singularities compatible with orientifolds
In order to find out which kind of singularities are compatible with both complex deformations and orientifold actions, we will first provide criteria to easily guess if a singularity is compatible with orientifold actions, and if so, which kind(s) of orientifold action(s) it admits. We anticipate that all the information is encoded on the set of all zig-zag paths of the dimer, or equivalently the external legs of the web diagram, and thus the toric diagram.
Singularities compatible with orientifold lines
Our strategy to explain which toric CY's can have orientifold actions leaving fixed lines on the corresponding dimer will be to start considering an example of this kind and derive the general rules from it.
As explained in section 2.4, dimers with orientifold lines can be of two kinds. Both cases have many common features, so it is enough to study one of these cases and then extrapolate the knowledge to the other case.
The example we will use is the dimer of the singularity known as L 1,3,1 [41, 42] , that was shown in [17] to accept orientifold actions with parallel fixed lines. The corresponding dimer and its zig-zag paths are shown in figure 9. From figure 9(a) we observe that the zig-zag paths of L 1,3,1 are compatible with the Z 2 symmetry of the orientifold: after inverting the direction of any zig-zag path, it becomes the orientifold image of one of the original zig-zag paths. This symmetry can be made more explicit in a two step process. First, one must invert the (p, q) winding numbers of all zig-zags to reverse their orientation
Z is the number of zig-zags of the singularity. Since our orientifold inverts the vertical component of the dimer, we must do the same with the inverted (p, q)'s:
Since there exists a Z 2 symmetry allowing for an orientifold of our singularity, the resulting set of zig-zag paths must agree with the original one:
In our case, we see that those paths without a horizontal component remain the same after the two steps and thus are their own orientifold images, whereas for zig-zags winding the horizontal 1-cycle the orientifold relates two different zig-zags. We can follow this process diagrammatically by starting with the external legs of the web diagram and doing the same inversions. The process is shown in figure 10 (a). Comparing the initial and final web diagrams in figure 10(a) we see that zig-zags in green and blue are their own orientifold images, and the ones in light and dark purple are the image of one another, in agreement with figure 9(a). In fact, since in our case we first inverted both components of the (p, q)'s and then we inverted again the vertical one, we see that the outcome is just inverting the horizontal component, and thus the set of external legs in figure 10(a) are related by a Z 2 action that leaves invariant a vertical line, which is shown in figure 10(b) . Moreover, since physics is independent of our choice of what is horizontal and what is vertical on the dimer, the idea to keep in mind is that the external legs of the web diagram are compatible with a Z 2 action leaving a horizontal/vertical line invariant because the dimer is compatible with parallel orientifold lines. Indeed, this idea is general and works for any toric singularity. Moreover we can use this property the other way around to state that for any singularity whose external legs accept a Z 2 action that leaves a horizontal/vertical line invariant, the corresponding dimer accepts orientifold lines.
The next case to consider is that of dimers with a single fixed line. In figure 11(a) we show the dimer corresponding to the Suspended Pinched Point (SPP) as well as its zig-zag paths. This time the fixed line under the orientifold action exchanges both coordinates. The corresponding (p, q)'s are shown in figure 11 (b) together with the orientifold line action leaving the web diagram invariant. Following the same procedure as before, the identification of zig-zags with their orientifold images can be done in a two step process. We first invert all the winding numbers of zig-zag paths as in (3.1), and then, since the fixed line is diagonal and its action on the dimer is to identify the two 1-cycles, we must act on the (p, q)'s by exchanging the two entries. Since this Z 2 action is a symmetry of the dimer, the set of (p, q)'s we are left with is the same we had in the beginning.
Once again, the Z 2 symmetry is clearly manifest on the web diagram, as can be seen on figure 11 (b). The difference with the previous case is that for L 1,3,1 the line invariant under the Z 2 action on the web diagram was horizontal, whereas now we have a diagonal one. It is a general fact that singularities compatible with diagonal orientifold lines have web diagrams that are Z 2 symmetric with respect to a fixed line.
Knowing how to characterize the action of orientifold lines on the web diagrams, we can use the criterion in the inverse direction to know which singularities are compatible with this type of action:
Criterion for toric CY singularities accepting orientifold lines: A toric CY singularity can have orientifold lines on its dimer if its web diagram has a Z 2 symmetry that leaves a line invariant. Moreover, if the fixed line on the web diagram is horizontal/vertical, the orientifold line will invert one coordinate on the dimer; whereas for diagonal fixed lines on the web diagram, it will exchange its two coordinates.
The fact that a singularity admits a dimer with orientifold lines does not mean that all its toric phases are compatible with it. Starting from a phase compatible with this action, only the phases related to the initial one by Seiberg dualities performed in a Z 2 symmetric way will also be compatible with the orientifold line. In general, there are also other Seiberg dualities which are not symmetric with respect to the fixed line action and thus lead to phases where the orientifold line action is not possible.
In order to build up toric phases which are compatible with orientifold lines, one can use the fast inverse algorithm in [22] while taking into account the required Z 2 symmetry. We recommend to start from a square unit cell together with the fixed line(s) that cross(es) it, in a direction fixed by the (p, q) web in the sense of the criterion above. The easiest way to start placing zig-zag paths is usually by first putting the pairs that are paired between themselves and cross each other, since they cross each other on top of the fixed line(s) and thus they may be more difficult to place in later steps. The next convenient step is to include the zig-zags mapped to themselves, as these also cross the fixed line. Finally, the remaining paths are the ones mapped between themselves but not crossing each other, since they do not touch the orientifold line.
Finally, we comment on the different representatives of the (p, q) web and thus the unit cell, since the Z 2 symmetry may or may not be manifest on certain representatives, as we now explain.
A remark on modular invariance of the unit cell
The fact that dimers (without orientifolds) are defined on tori allows for different unit cells related via SL(2, Z) transformations. Different choices of unit cell thus lead to changes on the (p, q) winding numbers of the zig-zag paths, and thus to different representatives of the web and toric diagrams. In the previous examples, the unit cell was chosen to make the Z 2 symmetry obvious on the web diagram, this can be seen e.g. in figure 10 . It is important to understand the general situation, so we consider the L 1,3,1 theory with a different choice of unit cell, which is shown in figure 12(a) . The (p, q)'s of the zig-zag paths are now different as can be seen in figure 12(b) , where it is not manifest that the singularity is compatible with orientifold lines. Since the change of unit cell is just a SL(2, Z) transformation acting on the set of all (p, q)'s, we can find out if a singularity allows orientifold lines just by checking if the whole set is invariant under the action of a GL(2, Z) matrix in a way we now explain.
We start by noting that for e.g.
3) the action of the orientifold on the (p, q)'s can be represented by a matrix, that in our case was given by diag (−1, 1) .
A change in the unit cell changes this matrix to a more general M Ω : 6) where the two possible signs stand for the different choices of what we consider the horizontal and the vertical axis. Therefore, we conclude that for a general representative of the toric/web diagram, if the set of all (p, q)'s is invariant under the action of a matrix M Ω given by (3.6), then this singularity accepts two parallel orientifold lines.
For the case of dimers with a single diagonal orientifold line, we can do the same and find the type of matrices that leave the set of (p, q)'s for a singularity accepting such action on the dimer. The simplest matrix can be easily read from (3.1). This time, we see that the matrices are of the kind
where the sign once again depends on our choice of what is the horizontal axes, and thus is irrelevant for the physics.
Even though this analysis is more general than the one based on the Z 2 symmetry of certain representative of the web diagram, if we want to find out if a toric CY singularity accepts orientifold lines, finding a matrix that leaves the set of (p, q)'s invariant is not a very practical approach. Instead, we recommend to look for the most symmetric representative of the toric/web diagram, where this symmetry is clearly manifest.
The mirror perspective
We now turn to explain the effect of the orientifold on the dual mirror theory. This perspective is not necessary for the following analysis, so the uninterested reader may skip it. Nonetheless, we find it quite visual and it can be helpful specially in section 4, since complex deformations of singularities are well understood on the mirror [40] .
As explained in [17] , in the mirror picture the Type IIB orientifolds map to an O6-plane in Type IIA. This O6-plane preserves the same supersymmetry as the D6-branes giving rise to the gauge groups, and it usually intersects the punctured Riemann surface Σ given by P (x, y) = 0 in (2.1) 2 . Starting from the original surface Σ, the theory with the orientifold will have a new mirror dual that lives on a new Riemann surface Σ . This new surface Σ is related to the initial one as follows. In the simplest situations, the O6-plane will wind a 1-cycle in Σ that splits this surface into two surfaces Σ with boundaries. The boundary is the 1-cycle wrapped by the O6-plane on the original surface, and the two surfaces are orientifold images of one another. Slightly more involved situations are those involving cross-caps on Σ , where the mirror of the orientifolded theory does not split Σ into two surfaces, but is given by a unique surface Σ that may or may not have boundaries (intersections with the O6).
Our starting point will be to consider a generic dimer where the numbers of gauge groups, fields, superpotential terms and zig-zag paths before the orientifold are G, F, T and Z respectively. The corresponding numbers after the orientifold identification are G , F , T and Z , and the numbers of elements mapped to themselves n G , n F , n T and n Z . The relation between the numbers before and after the orientifold are
By looking at e.g. the dimer of figure 9(a) we observe that the number n T of superpotential terms mapped to themselves equals the sum n G + n F of gauge groups and fields mapped to themselves. This is a general feature of orientifold lines. A similar relationship can be easily obtained on the mirror surface by observing that the fields and superpotential terms mapped to themselves must do the same on the tiling of Σ , see figure 13 . The difference on the mirror is that the faces represent zig-zags, so in this case there is one superpotential term per each field and each zig-zag. Putting both things together we see that
so the numbers of gauge groups n G and zig-zags n Z that are mapped to themselves is the same when we have orientifold lines. These fields and terms falling on top of the orientifold are relevant for other things. For example, it is important not to count them when computing the Euler characteristic of the surface where the orientifold theories live. Therefore, we define the Euler characteristic of the orientifold of the dimer and the orientifold of the mirror this way:
10)
Using these expressions and (3.9) it is easy to check that the equation
between the Euler characteristic of a Riemann surface and its orientifold surface holds for singularities whose dimers can have orientifold lines. We can use this equation to relate the genus g of the initial surface on the mirror to the genus g , number of boundaries b and cross-caps c on the orientifold of the mirror. We just need to note that in each case the Euler characteristic has different contributions: This equation sets bounds on how the orientifold cuts the mirror surface for a given singularity.
Singularities compatible with orientifold points
As we did for the orientifold line case, we start with an example in order to derive a general criterion which tells what singularities accept orientifold points. The singularity we will use for our example is a Z 2 × Z 3 orbifold of the conifold, whose dimer together with the zig-zag paths and orientifold points are shown in figure 14(a) . The (p, q)'s of the singularity are shown in figure 14(b) . The first observation to be made is that for each field mapped to itself, we have two zig-zags that pass through the field.
3 Also, each zig-zag passes through two different fixed points. From here, we see that the numbers of zig-zags and fields that are mapped to themselves is the same. Therefore, since dimers with orientifold points have four fixed points, the number of fields (and also zig-zags) mapped to themselves will be between zero and four.
n Z = n F ≤ 4 (3.15)
Next, we deal with the effect of the orientifold on the zig-zags. As happened for orientifold lines, in this case we will also separate the procedure in two steps. First, we need to invert the direction of zig-zags, as in (3.1), and then we make use of the geometrical action on the dimer, which inverts both coordinates
We see that the orientifold action thus leaves the (p, q)'s of zig-zags invariant, and thus does the same with the set of all external legs of the web diagram.
This trivial action on the set of all (p, q)'s does not imply that the orientifold action is in fact trivial. We can observe in figure 14 that the geometric action does relate zig-zag paths among them. These relations are of two types: either a zig-zag path crosses fixed points and is mapped to itself, or two zig-zag paths of the same (p, q) are orientifold images of one another. In the example of figure 14 we see that both zig-zag paths in blue and in green fall on the second category, whereas both for zig-zags in orange and in purple we find that one zig-zag of each color is mapped to itself while the rest are mapped by pairs. The underlying reason for this are the limitations to arrange zig-zag paths of the same (p, q) in a way compatible with orientifold points, as we now explain. We must distinguish between two cases: on the one hand, when the number of zig-zags with same (p, q) is odd, one zig-zag must necessarily get mapped to itself and the rest can be arranged in pairs, as happens for the orange and purple ones in our example. On the other hand, if the number of zig-zags with same (p, q) is even two possibilities exist: one of them is arranging them in pairs as the green and blue zig-zags in figure 14 ; but it is also possible to place two of them on top of fixed points and then arrange the rest in pairs. We illustrate this case with the dimer in figure 15 , where we have two zig-zags with the same (p, q) in green that pass through orientifold points. Figure 15 . Dimer corresponding to the Z 2 × Z 3 orbifold of the conifold in a different toric phase to the one shown in figure 14(a) . We see that in this toric phase the number of zig-zags mapped to themselves is n Z = 4, whereas in figure 14(a) we had n Z = 2. The difference between both cases is that in the previous toric phase the two zig-zags in green where orientifold images of one another, and this time each of them is mapped to itself. This is possible for this singularity because the number of zig-zags in green is even, and so accepts two types of zig-zag configurations compatible with the orientifold Z 2 action.
Another important point can be obtained from the dimer in figure 15 . We see that it corresponds to another toric phase of the Z 2 × Z 3 orbifold of the conifold, but now we have n Z = 4 zig-zags falling on top of orientifold points instead of the previous n Z = 2. This means that it is possible to have different values of n Z for a given singularity. This general property sometimes requires of different toric phases of a given singularity in order to obtain different values of n Z , but this is not always the case, as we will show shortly.
With the information gathered from the examples, we are in a good situation to get some general properties about toric CY singularities accepting orientifold points. We just showed that for an odd number of zig-zags with the same (p, q) one of them will be mapped to itself if the dimer has fixed points. This sets the minimum number of zig-zag paths (and so fields) mapped to themselves on a dimer with orientifold points. This can be made more precise by splitting the set of all zig-zags of a given singularity into subsets such that all zig-zags in each subset have the same winding numbers (p, q):
Here k S is the number of subsets and Z k is the number of elements on the subset with label k, i.e. the number of zig-zags with winding numbers (p k , q k ). Using this splitting of the set of all zig-zag paths, we can now talk about odd (even) subsets when the subset has Z k odd (even). The number of odd subsets was shown above to set the minimum number of zig-zags mapped to themselves n min Z , that we define as
This number, together with the fact that dimers with orientifold points have four fixed points can be used to give the following rule:
Criterion for toric CY singularities accepting orientifold points: A toric CY singularity can have orientifold points on a classical phase of its dimer [30] if n are. We first deal with the n min Z odd cases since they are more restrictive, and then study the even n min Z cases.
• There are no singularities with n min Z = 1. The set of all (p, q)'s of a given singularity sums up to zero. If n Z = 1 would be possible, this means that after subtracting a unique zig-zag the rest of zig-zags can be arranged in pairs, where each pair has two zig-zags with same (p, q). The sum of all these zig-zags would then have two even entries. But this sum should also be minus the (p, q) of the zig-zag that is mapped to itself. Since (p, q) are winding numbers, they must be mutually prime numbers, so this makes no sense.
• Singularities with n min Z = 3 accept n Z = 3. If a singularity has odd n min Z , it means that after taking n min Z zig-zags the rest can be arranged by pairs of the same (p, q). Therefore, in these cases Z is odd. Furthermore, since the number of zig-zags Z and that of gauge groups G of a singularity are related by its toric diagram as observed in [22] , 20) we have that odd Z also implies odd G. And odd G can only be compatible with orientifold points if n G , and so n F = n Z , is odd, which is our starting point. Finally, noting that n Z ≤ 4 and n Z = 1, we find that the only singularities compatible with an odd number of zig-zags mapped to themselves are those with n Z = n min Z = 3. In figure 16 we provide an example of this kind. • Singularities with n min Z = 0 accept both n Z = 0 and n Z = 4. In this cases all subsets have an even number of elements. It is always possible to have n Z = 0. No zig-zag is mapped to itself, and so no field: all fixed points fall on top of gauge groups. An example of this kind is shown in figure 17(a) . Following the ideas on the n min Z = 3 case, n min Z even implies both Z and G to be even. This leaves the possibility of even values of n Z when n min Z = 0. n Z = 2 turns out not be an option. For this to happen in a singularity with n min Z = 0, the two zig-zags that would be mapped to themselves would have the same (p, q), and would have to intersect each other. Zig-zags with the same (p, q) never intersect, so we conclude that this is not an option. n Z = 4 instead is always an option, that sometimes requires the dimer to be in a different toric phase compared to the one allowing n Z = 0. We illustrate this with figure 17(b) , where the dimer of
shows to allow both n Z = 0 and n Z = 4 in (a) and (b) respectively. As an observation, note that unlike in the case of the Z 2 × Z 3 orbifold of the conifold studied above, here both possibilities for n Z are compatible with the same toric phase.
• When n min Z = 2, both n Z = 2 and n Z = 4 are possible. This time, there is no argument preventing that both even values of n Z are possible for a singularity with n min Z = 2. As we saw in our example, sometimes different toric phases are necessary for the different values of n Z .
• For singularities with n min Z = 4 we have n Z = 4. Of course, no other possibility exists in this case.
We put together all these cases on the following table:
As it happened for orientifold lines, in the case of orientifold points one finds that usually not all toric phases are compatible with orientifold points, or not all phases accept certain n Z . The best way of obtaining a dimer compatible with orientifold points and n Z for a given singularity, is to use the fast inverse algorithm [22] explained in section 2.1.1. This time, our advise is to put first the zig-zags that are mapped to themselves and thus fall on top of orientifold points, and leave the rest for the next steps.
The mirror perspective
This time we will use the mirror perspective for different purposes. We will first derive many of the properties we already obtained from the mirror perspective. Then, we will carry out a similar analysis to the one done for orientifold line case. Once again, these ideas are complementary to the main text and the uninterested reader may skip them.
The constrains of the previous section can be well understood in terms of the mirror. The key feature to derive the conclusions is that two zig-zags (punctures on the mirror) with the same (p, q)'s will never cross each other on the dimer. Recall that as explained in section 2.2, in the tiling of the mirror surface zig-zags are faces bounding the corresponding puncture, with the boundary given by a set of edges and vertices corresponding to the fields and superpotential terms that the zig-zag path touches on the dimer. Therefore, the faces bounding two punctures with the same (p, q) on the mirror surface will never share an edge. From this fact it follows that in any boundary of Σ it is necessary to have at least two zig-zags and two fields mapped to themselves. This fact provides a nice description in the mirror of some constrains we gave above:
• n min Z = 0 implies n Z = 2. If only two punctures are mapped to themselves, the corresponding tiles in Σ must be touching each other. Therefore, it is not possible that they have the same (p, q)'s. For a singularity with n min Z = 0, to have n Z = 2 we would need that two punctures with same (p, q)'s are mapped to themselves and thus touching each other, and this is impossible as we just explained.
• n Z = 1 is impossible. A zig-zag never crosses itself. Equivalently, there is no edge on the tiling of Σ touching the same tile twice. Therefore, it is impossible that on the mirror of the orientifold geometry there is only one puncture that falls on top of the boundary in Σ .
• Z odd only accepts n Z odd. If the tiling of Σ has an odd number of punctures, once we take the orientifold action the only way of arranging the punctures on a Z 2 invariant way is by putting an odd number of them on top of the O6-plane, giving the boundary of Σ , and then putting the rest of punctures on the bulk of Σ and its orientifold image. This can also be derived from (3.8): for Z to be an integer there is no other chance.
• Z even only accepts n Z even. The argument is the same we just gave for Z odd, but now with even Z.
The distinction about the punctures on the boundary and the bulk of Σ will be relevant when we deal with complex deformations compatible with orientifold points that we will study on section 4. Now, we once again perform an analysis about some topological properties of the orientifold of the mirror surface Σ . Start by taking the orientifold action on the dimer, so the numbers of gauge groups, fields, etc. are reduced according to (3.8) . The difference this time comes on the relations between the numbers of elements mapped to themselves. From section 2.4 we know that no vertex is mapped to itself by orientifold points. This has consequences on the tiling of the mirror, since the only way to have a field on the boundary of Σ in a way such that the vertices on its sides are mapped to themselves is by placing the edge perpendicular to the boundary, as in figure 18 . This implies that there will be one field per each zig-zag on the boundary of Σ , in agreement with the conclusion from the dimer given in (3.15) . Summing up
Our next step is to proof that dimers with orientifold points live on spheres. Being more concrete, they live on spheres with four punctures (the fixed points). In order to proof this, let us consider a case where we can put all fixed points on top of faces of the dimer
When we compute the Euler characteristic for this surface, fixed points fall on top of faces that we must count normally, so 23) which is the Euler characteristic of the sphere. On the mirror of the orientifold theory there is a boundary 4 that crosses the edges orthogonally, so the Euler characteristic of the orientifold of the mirror is computed in the regular way
This allows us to relate the initial surface Σ and the one after taking the orientifold Σ . We start by writing (3.20) in terms of the parameters on the orientifold of the theory
Summing 2(T − F ) + n F on both sides and using (3.8), (3.21) and (3.24) this is
So for orientifold points we also have 2χ(Σ ) = χ(Σ) and so (3.14) holds.
Another very important conclusion can be made from the fact that the tile corresponding to a puncture in Σ never touches itself is that for orientifold points there is an upper bound on the possible number of boundaries b . Since each boundary involves at least two punctures, and the maximum number of punctures mapped to themselves is 4, the mirror Σ of a dimer with orientifold points can have a maximum of 2 boundaries.
Deformations of dimers with orientifolds
Now that we have criteria to tell if a toric CY singularity is compatible with orientifold actions, and if these correspond to fixed points/lines on the dimer, we can tell which singularities are compatible both with the orientifold action and complex deformations. As reviewed in section 2.3, complex deformations correspond to the removal of subwebs in equilibrium from the web diagram. The physics behind this was better understood from the mirror perspective in [40] . Combining the above knowledge with this idea, we will now provide criteria to tell which singularities are compatible with both orientifolds (of both kinds) and complex deformations.
Deformations compatible with orientifold lines
In section 3.1 we saw that the best way of finding out if a singularity is compatible with orientifold leaving fixed lines on the dimer was to take the most symmetric representative of the web/toric diagram of the singularity (without the orientifold) and see if it is compatible with a Z 2 action that leaves a line invariant.
If we start with a singularity describing the UV of a warped throat compatible with orientifold lines, the IR physics after performing the complex deformation must correspond to another singularity compatible with the same Z 2 action both on the dimer and on the web/toric diagram. Therefore, the way to deform the singularity must respect the Z 2 symmetry. This means that the sub-web in equilibrium that we remove from the web diagram on the UV must also be symmetric with respect to the Z 2 action: this way the web diagram describing the IR preserves the same symmetry.
From the mirror perspective the deformation process corresponds to removing punctures from the tiling of Σ, or Σ for the orientifold of the theory. For orientifold lines we find that the deformation can happen on the bulk of Σ , on its boundary (this is the 1-cycle wrapped by the O6-plane), or in both at the same time. We illustrate these possibilities with an example of each kind.
First, in figure 19 we consider the transition from the del Pezzo 3 (dP 3 ) theory to the conifold studied in [10] . This transition is compatible with two different types of orientifold lines, that correspond to removing punctures either only on the boundary of Σ (case (i) of the figure) or only on the bulk of this surface (case (ii) of the figure).
For completeness, let us mention that these cases of deformations sometimes involve strong dynamics of gauge groups of the SO or/and U Sp kind [43, 44] . For example, in the case (i) of figure 19 we find that both gauge groups 3 and 6 are of one of these types. Similar processes were described in [14] , where it could be seen that the fixed lines do not change the diagrammatic description of the deformation process.
Our last example of a deformation with orientifold lines mixes the two previous cases: it involves zig-zags both in the bulk and in the boundary of Σ . This is shown in figure 20 . Also in this case one finds strong dynamics of gauge groups of he SO or/and U Sp kind, but this time they involve a new type of phenomenon. In the confinement of gauge group 3 we see that it higgses e.g. group 1 (and its orientifold image 5) from being of the SU type to being of the SO/U Sp type. This happens when the massive mesons of the confining group get a vev. These transform in the (anti)symmetric representation of gauge group 1 depending on the orientifold charge. The outcome is the same diagrammatic evolution of the dimer as the one without the orientifold line, that respects the Z 2 symmetry.
If one intends to UV complete a singularity accepting orientifold lines on the dimer, the recipe is then pretty simple. One must first find the Z 2 action leaving a fixed line on the web diagram and then add external legs in a symmetric way with respect to this fixed line. Finding the toric phase of the IR dimer resulting from the deformation may not be an easy task, therefore, we recommend to start from the IR theory, add the subweb in equilibrium to the IR web diagram, and then build the dimer of the UV theory using the fast inverse algorithm in [22] and following our recommendations above. Finally, one needs to study the duality cascade and the deformation on the dimer. 
Deformations compatible with orientifold points
Unlike singularities compatible with orientifold lines on their dimer, those accepting orientifold points turn out to require a more careful analysis and are in a sense more restrictive with respect to complex deformations. In section 3.2 we saw that the possibility of having orientifold points for a given toric singularity depends on the multiplicities of zig-zag paths with the same (p, q) winding numbers: there will be one zig-zag path mapped to itself per each set of zig-zags with same (p, q) and odd multiplicity. This sets an upper bound on the number of zig-zags mapped to themselves, that can by no means be more than four. Figure 20 . (a) External legs of the dP 3 theory and the C 3 theory. The complex deformation relating both corresponds to removing legs in dark green, purple and pink from the former. The effect of the orientifold line is shown in red, and can be seen to be compatible with the removal of the subweb. (b) Dimer of the dP 3 theory with the zig-zags in different colors. We are interested on the deformation involving the removal of the zig-zag paths in dark green, purple and pink, and so the confinement of gauge groups with labels 1, 3 & 5. Since they touch each other, this deformation was shown in [10] to require more than one step. We start by first confining gauge group 3, shaded in red. (c) Intermediate step in the confinement of gauge group 3, showing that it involves higgsing group 1 and its orientifold image 5 from being of SU type to SO/U Sp type depending on the orientifold line charge. The condensation process makes the (anti)symmetric field X 15 massive together with the (anti)symmetric meson M 51 , so they get a (anti)symmetric vev leaving a SO/U Sp gauge factor. The same happens to gauge factor 2 and its image 4. The starting point is to note that complex deformations are described as condensation of certain gauge groups on the dimer. These gauge groups need to be rectangles in order to have at certain point N c ≥ N f . As explained in section 2.4 rectangles do not accept orientifold points on top of them. Therefore, when orientifold points are present for every gauge group condensing there will be another one (its orientifold image) doing the same. At this point one can think of two possibilities: the groups we want to confine could be touching each other and thus touching a fixed point, or they could be away from the orientifold point and thus not touching each other. These correspond to D6-branes on the mirror surface Σ , that do touch the boundary in the first case, but do not touch it on the second one. This means that the first case translates to a deformation on the boundary of Σ , whereas the second case corresponds to a deformation on the bulk of Σ and its orientifold image, or equivalently, in the first case one wants to remove punctures/zig-zags that are mapped to themselves and in the second case pairs of punctures/zig-zags away from the orientifold.
Let us first deal with the case where the confining groups do touch a fixed point as well as its orientifold image on the dimer. We anticipate that this process is not possible. Since we have a D6-brane touching the boundary and confining, the dimer looks locally as shown in figure 21(a) . Our argument against deformations in this case relies on the distribution of fractional branes (distribution of ranks of gauge groups) on the dimer. The orientifold has RR charge and thus contributes to the anomaly cancellation conditions, but its effects are O(1) compared to those of the N regular branes and M fractional branes that we consider. For simplicity, it is thus better to consider a dimer without the orientifold point contribution but preserving the Z 2 symmetry, as in figure 21(b) . We will eventually find out that a deformation of the kind we would like to have is not possible in this case, which extends to the case where the orientifold point is included. As a starting point, consider the dimer with no fractional branes. Now, since we want to confine two gauge groups (that are orientifold images of one another in the case with the orientifold) we put fractional branes on them, leaving the local setup in the dimer in figure  21(b) . In order for these groups to be anomaly-free, it is necessary to include fractional branes in other faces of the dimer. We include these fractional branes in adjacent faces while keeping the Z 2 symmetry, see figure 21 (c). At this point, the faces where we just put fractional branes are anomalous, and require putting fractional branes on other gauge groups. This process follows, growing the number of gauge groups with fractional branes until one reaches the point where the bi-periodicity of the dimer makes faces with fractional branes meet other faces with fractional branes and no more steps need to be taken. This means that in the end, in the resulting anomaly-free Z 2 configuration, one can wind at least one of the 1-cycles of the T 2 of the dimer. An example of this kind is shown in figure 22 . These type of fractional branes were dubbed in [27] N = 2 branes, and it was shown that they do not lead to complex deformations. A more extreme possibility would be that the final configuration requires putting fractional branes on all faces of the dimer, which are just regular branes, and thus cannot lead to confinement. Let us emphasize that this conclusions come just from demanding that the fractional branes fall on top of adjacent gauge groups and are distributed in a Z 2 symmetric way. From here we conclude that it is not possible to perform a complex deformation removing zig-zags that are mapped to themselves for a singularity with orientifold points. Figure 22 . Part of a dimer describing the prototypical situation one finds when adding fractional branes until anomaly cancellation conditions are satisfied for all gauge groups on the dimer. Shaded faces are those with fractional branes, whereas the ones in white only have regular branes. For simplicity, the O(1) effects due to the orientifold RR charge where neglected. These type of fractional brane distribution corresponds to the so-called N = 2 fractional branes. This figure could describe part of e.g. a Z 5 × Z n orbifold of the conifold.
The other option is that the confining gauge groups and their images do not touch any fixed point. In this case, the corresponding D6-branes in the mirror dual do not touch the orientifold, and so are wrapping a series of punctures in Σ that are on the bulk. Therefore, the external legs removed on the deformation will be on the bulk of Σ (and its orientifold image). This corresponds to removing a subweb in equilibrium that contains no zig-zag path that is mapped to itself under the orientifold action, i.e. the deformation requires removing two copies of a subweb in equilibrium from the web diagram of the UV theory. In figure 23 we show an example of this kind. Figure 23 . (a) Dimer diagram of L 2,3,2 with orientifold points. We want to show a deformation process to the IR by removing zig-zags on the bulk and their orientifold images, this corresponds to studying the strong dynamics of gauge group 2 and its orientifold image 5, each bound by a zig-zag in green and one in blue. We shaded these groups in red. (b) External legs of L 2,3,2 . We see that one zig-zag in green plus the ones in purple and orange must be mapped to themselves (n Z = 3), in agreement with the dimer. Since we want to remove external legs mapped between themselves, this corresponds to the other two external legs in green plus the two in blue. Note that without the orientifold this process could be separated into two individual deformations. (c) Intermediate step in the deformation process, when groups 2 and 5 confine their mesons acquire vevs that higgs gauge group SU (n 1 ) × U Sp(n 3 ) × SU (n 5 ) to U Sp(n 1 /2 = n 3 = n 5 /2) for e.g. negative orientifold charge on the fixed point on the top. (d) Dimer of the C 3 theory with orientifold points and zig-zags after the complex deformation. (e) External legs of the C 3 theory. By comparing it with (b) we see that the external legs missing were orientifold images of one another.
A final remark goes on how to UV complete singularities with orientifold points. As done for orientifold lines, the best strategy seems to be to start with the web diagram of the IR singularity and add to it a subweb in equilibrium twice. This gives the UV singularity, whose dimer can be constructed using the fast forward algorithm [22] . The warped throat behaviour and following deformation can then be addressed by finding the RG cascade on the UV dimer and then the confinement process that gives the IR singularity.
Conclusions
The flexibility of warped throats as local configurations able to generate hierarchies in string compactifications motivates the systematic exploration of possible throat geometries and their properties. Recent applications exploit properties which require the presence of orientifold planes, either to remove physical degrees of freedom (by the orientifold projection) or to trigger the appearance of non-perturbative effects (due to the orientifold projection on fermion zero modes of the underlying instantons). This motivates the development of new tools to characterize orientifolded warped throats, a task we have addressed in the present paper.
Our results provide the basic criteria that determine which toric singularities admit orientifold actions of given type (with fixed lines or points in the corresponding dimer diagram), and to embed them as IR configurations of complex deformed geometries supporting orientifolded throats. The basic criteria are determined by simple properties of zig-zag paths in the dimer diagram, which cleverly encode the combinatorics of the behaviour of the singularity under the orientifold action.
Our construction reproduces the orientifolded warped throats used in the gauge theory description of certain D-brane instantons [12] [13] [14] , and de Sitter uplifts using string embeddings of the nilpotent goldstino [15] and DSB sectors [16] . We hope that our developments will help in the construction of new orientifolded throats yielding similarly interesting future applications.
